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delay equations

‘A delay equation is a rule
for extending a function of time towards the future
on the basis of the (assumed to be) known past.”
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delay equations

0<T<oodelay X=L"([—7,0],RIx)
dx, dy > O integers Y = C([—T, 0], R4Y)
y¢(0) =y(t+0), 0¢€[-T,0]

DDE (RFDE)
y'(t) =G(yy), G:Y—=RY
RE (VFE)
x(t) = F(x¢), F: X — R

coupled RE/DDE
x(t) = F(x¢, Yi)s F: X x Y — R
U/(t):G(Xt,yt), G:XxY— RY

D. Liessi Pseudospectral methods for the stability of periodic solutions of delay equations

/17



delay equations

D. Liessi

b(t) = }L B(X(a,S1),S(t))F(a,Si)bi(—a)da (birth rate)
aa(Se)
S’(t) = f(S(t)) — }V(X(ﬂw S¢),S(t))F(a,Si)bi(—a)da (resource
0 concentration)

where

® X(a,S¢) is the size of individual
experienced resource history S
F(a,Sy) is the survival probabili
who has experienced resource hi
B(x,S) is the per capita fertility
Y(x,S) is the per capita consum
f(S) describes consumer-free res

[de Roos,
[Diekmann, Gyllenberg, M:

Example from ecology

an age-structured population

Renewal equation for population birth rate

ind of age a

o
b(t):/ (@) F@)b(t —a) da

often coupled with a delay-differential equation for the environmental
variable (substrate, prey,...)

consumption  ind of agea
ds AL
=)= f(5(t) —/ (a) F(a)b(t —a) da
dt —_— o

consumer-free
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a short animated movie
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two complementary approaches

nonlinear linearization linear
oo dim. oo dim.
discretization discretization
A Y
nonlinear linear
finite dim. linearization finite dim.
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two complementary approaches

nonlinear linearization R linear
oo dim. oo dim.
discretization discretization
Y A 4
nonlinear linear
finite dim. linearization finite dim.
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linearized stability of periodic solutions

e (%,7) periodic solution

oF oF _

Lxx(t) = &(ngt) Lxy(t) == @(xt)gt)
0G 0G
Lyx(t) = &(X&Qt) Lyy(t) == @(Rt)gt)

e linearized IVP
x(t) = Lxx(t)x¢ + Lxy(t)ye, t>s
y'(t) = Lyx(x¢ + Lyy(tye, t>s

Xs =@, Ys=1
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evolution operators

e linearized IVP

0
X0 = [ Cxx(t,0x(0)d0 + Luyltlys,  t>s

0
(1) =J Cyx(t,0)x¢(0)d8 + Lyy(t)ys, t3>s

—T

Xs =@, Ys=1y

e family of evolution operators
(x,y) solution of linearized IVP, t > s

T(t,s): X XY —=>XxY

(@, ) = (xt,Yt)
Il
(Xsays)
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Floquet theory
e M :=T(Q,0) monodromy operator, Q period of (x,7)

if 1 € o(M) is simple
and |y < 1 for all p e o(M)\ {1},
= solution locally asymptotically stable

Floquet theory
for DDE [3, 4]

Floquet theory work in progress based on [3, 5]
for RE/coupled ? with O. Diekmann and S.M. Verduyn Lunel

[3] DiekmANN, VAN GiLs, VERDUYN LUNEL, AND WALTHER, Delay Equations. Functional-, Complex-, and Nonlinear
Analysis, Appl. Math. Sci. 110, Springer, New York, 1995, DOI:10.1007/978-1-4612-4206-2.

[4] HaLE AND VERDUYN LUNEL, Introduction to Functional Differential Equations, 2nd ed., Appl. Math. Sci. 99,
Springer, New York, 1993, DOI:10.1007/978-1-4612-4342-7.

[5] DiekmanN, GETTO, AND GYLLENBERG, Stability and bifurcation analysis of Volterra functional equations in the
light of suns and stars, SIAM . Math. Anal. 39 (2008), pp. 1023-1069, DOI:10.1137/060659211.
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pseudospectral methods

e polynomial interpolation

Rmy = (W(00),..., W (Om))

P W §M LY, 1:(0) 0~ O
= )P ) e]_ek

k7]
RMPM = Im+1
PmRm Lagrange interpolation operator

e pseudospectral methods

“Do to PMmRmY as you would do to).”

with “good” nodes (e.g., Chebyshev zeros or extrema)
° spectra[ accuracy  smooth functions: error = O (M) for every k

analytic functions: error = O (c™) for 0 < ¢ < 1
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reconstructing the solution

T:=T(s+ h,s)
Xt =L"([0,h],RIx) XF :=L'([—71, h],RIX)
Yt = C([0,h],RYY) Y* .= C([—7, h],RIY)

0
x(t) = J_ Caxx (t, 0)xc (0) 6 + Ley (t)ys

0
Y0 = | Crx(t,0x(0)d0 + Lyy (v

V: (X xY)x (Xt xYT) = (Xt xYH)
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reconstructing the solution

D. Liessi

T:=T(s+ h,s)
Xt :=L'(0. hl.R9X) xi L' ([—7, h],R9x)
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24v) = C([—T, h],R%Y)
/—\\_/
w(t)
g x(t,0)x¢(0) d0 + Lxy (t)y¢
0 ho | x(t,0)xc(0) dO + Lyv (t)ye
olt) x (XT x YT) = (X x YH)
AV
—T 0
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reconstructing the solution
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T:=T(s+ h,s)

Xt :=L'(0. hl.R9X) xi L' ([—7, h],R9x)
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24y = C([—T, h],R%Y)
/—\\/
w(t)
[ x (
VX((P>W) (t
0 h |lrx
b —\\/
~ \/,/
o(t) x X
N\ _ °
-1 0
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reconstructing the solution
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T:=T(s+ h,s)
Xt :=L'(0. hl.R9X) xi L' ([—7, h],R9x)

24v) = C([—7, h],R%Y)

x (Xt x YT) = (XT x Y5
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/ x(t,0)x¢(0) d0 + Lxy (t)y¢

0 h | ex(t,0)x¢(0) dO + Lyy (t)yt
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reconstructing the solution

[ozlo)do

-~ t,0)x¢(0) d0 + Lyy (t)ye

"] (t,0)x(0)dO + Lyy(t)y,

x (Xt x YT) = (XT x Y5
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reconstructing the solution

i x) Xt.=1L
J'SZ(O‘)dV ) YT = C([—7,h],R%Y)
—
“
0 h //
1 /
/ V(,z)(t)
x (X
b(t) /] =
0
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reconstructing the solution

T:=T(s+ h,s)
Xt =L"([0,h],RIx) XF :=L'([—71, h],RIX)
Yt = C([0,h],RYY) Y* .= C([—7, h],RIY)

0
x(t) = J_ Caxx (t, 0)xc (0) 6 + Ley (t)ys

0
() = J Cyx(t, 8)x; (8) d0 + Lyy (s

—T

V: (X xY)x (Xt xYT) = (Xt xYH)
t

(wit), wio) +J 2(0)do) e (0N
0

(@(t), (1) t € [-,0]

V((e, ), (w,2))(t) =

D. Liessi Pseudospectral methods for the stability of periodic solutions of delay equations

/17



reconstructing the solution

T:=T(s+ h,s)
Xt =L"([0,h],RIx) XF :=L'([—71, h],RIX)
Yt = C([0,h],RYY) Y* .= C([—7, h],RIY)

0
x(t) = J_ Caxx (t, 0)xc (0) 6 + Ley (t)ys

0
Y0 = | Crx(t,0x(0)d0 + Lyy (v

Fo: XTx YE o X x YTt
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reconstructing the solution

T:=T(s+ h,s)
Xt =L"([0,h],RIx) XF :=L'([—71, h],RIX)
Yt = C([0,h],RYY) Y* .= C([—7, h],RIY)

0
x(t) = J_ Caxx (t, 0)xc (0) 6 + Ley (t)ys

0
Y0 = | Crx(t,0x(0)d0 + Lyy (v

Fo: XTx YE o X x YTt
0

Feluww)(0) = (| Cooxls +1,0)us()d0 + Ly(s + tiv,
—T

t € [0,h] 0
J Cyx(s+1t,0)ug(6)dO + Lyy(s + t)vt)
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solution operator approach

D. Liessi

reformulation of T: X XY = X xY

T(e,¥) = V((e,¥), (W, z))n
(W) Z) = ?SV(((P)lp)) (W) Z))

0o > 07 > --- > Opm Chebyshev extrema in [T, 0]
XM = RdX(M+1), Ym = RdY(M+”, Rm, Pm

e t; <--- < tn Chebyshev zeros in [0, h]
XL =RO&N Y =RWN RYE, P

discretization of T as Ty, n: Xm X YmM — Xm X Ym

Tv,N (D, W) = RMV(Pm (@, W), P (W, Z))n

Pseudospectral methods for the stability of periodic solutions of delay equations

9/17



convergence pFOOf
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e follows the lines of the DDE case [6, 7]
o C~sL!
e different definition of V
o different reqularization properties of F5 and V
e complete for RE [paper accepted on SIAM J. Numer. Anal.]

e complete for coupled RE/DDE [PhD thesis]

[6] BREDA, MASET, AND VERMIGLIO, Approximation of eigenvalues of evolution operators for linear retarded func-
tional differential equations, SIAM ). Numer. Anal. 50 (2012), pp. 14561483, DOI:10.1137/100815505.

[7] BrepA, MaseT, AND VERMIGLIO, Stability of linear delay differential equations. A numerical ap-
proach with MATLAB, Springer Briefs Control, Autom. and Robot., Springer, New York, 2015,
DO0I:10.1007/978-1-4939-2107-2.
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overview of convergence proof

well-posedness of collocation equation

(W,Z) =R{TsV((@,¥), P\ (W, Z))

TM,N ~ TM)N = PMTM,N RM (same eigen-...)

TM,N = LMTNLM ~ TN (M > N large = same eigen-...)
LIn~T)

XxYac TN rXXYAC (same eigen-...)

| —0

||TN rXXYAC B TrXXYAC

e = eigenvalues of Ty N — eigenvalues of T
possibly with infinite order

(smooth functions: error = O (M ~¥) for every k)
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logistic Daphnia (coupled RE/DDE, equilibria) 8]

4
b(t) = BS(t)J' b(t—o)do
4

S'(t) =S(t)(1-S(t)) — S(t)J b(t—o)do

a

‘+q:]+a:2+a:3

0 05 1 15 2 25 3 35 1 10 20 30
a M =N

[8] BREDA, DIEKMANN, MASET, AND VERMIGLIO, A numerical approach for investigating the stability of equilibria for
structured population models, ). Biol. Dyn. 7 (2013), pp. 4-20, DOI:10.1080/17513758.2013.789562.
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spec'tal RE with quadratic nonlinearity (RE, periodic solutions)

x(t)= X F x(t— o) (1 —x(t — ¢)) do

2 )y
A B C
T T
12] ops | PD3)
PD1
-

1 I, s
0.8] H .
0.6 i
o |
02| I .

BP
0 | | | |
1 2 3 35 4 45

v

[1] BREDA, DIEKMANN, LIESSI, AND ScarABEL, Numerical bifurcation analysis of a class of nonlinear renewal
equations, Electron. J. Qual. Theory Differ. Equ. 65 (2016), pp. 1-24, DOI:10.14232/ejqtde.2016.1.65.
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spec'tal RE with quadratic nonlinearity (RE, periodic solutions)

104

1078
——7v =4.0037 (A)
—e—v =4.4001 (B)
vy =4.5200 (C)
1016 ‘ ‘
5 10 20 40 60
M =N

[1] BREDA, DIEKMANN, LIESSI, AND ScaArABEL, Numerical bifurcation analysis of a class of nonlinear renewal
equations, Electron. J. Qual. Theory Differ. Equ. 65 (2016), pp. 1-24, DOI:10.14232/ejqtde.2016.1.65.
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coupled RE/DDE with exact periodic solution

D. Liessi

x(t) = —% UO x(t— o) dG—J In(y(t — o)) do

1 ]001
o 8o
] $% Z O 10-8
°© ¢ o

N 016
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egg cannibalism toy model (RE, periodic solutions) [8, PhD thesis]

4
Alt)=p L Alt—o)e A9 4o

B =7.99896953866859

numerically approximated periodic solution

N 100°¢ .
/ h N \

/' s
o8 8 o9 10-8 | a

h . /
— 107167 .

| |
1 10 20

M =N

[8] BREDA, DIEKMANN, MASET, AND VERMIGLIO, A numerical approach for investigating the stability of equilibria for
structured population models, |. Biol. Dyn., 7 (2013), pp. 4-20, DOI:10.1080/17513758.2013.789562.
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future perspectives
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e apply to realistic models, e.g., Daphnia [9]

e extend ideas to Lyapunov exponents (see, e.g., [11))

Daphnia magna, female [10]

e extend to neutral equations

[9] DiekmanN, GYLLENBERG, METz, Nakaoka, aAND DE Roos, Daphnia revisited: local stability and bifurcation
theory for physiologically structured population models explained by way of an example, ). Math. Biol.
61 (2010), pp. 277-318, DOI: 10.1007/500285-009-0299-y.

[10] WaTaNABE, Female adult of the water flea Daphnia magna, PLOS Genetics 7 (2011), issue image,
DOI:10.1371/image.pgen.v07.i03.

[11] BRreDA AND VAN VLECK, Approximating Lyapunov exponents and Sacker-Sell spectrum for retarded functional
differential equations, Numer. Math. 126 (2014), pp. 225-257, D0OI:10.1007/s00211-013-0565-1.
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