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Forming an eco-epidemic model

© The underlying ecology: Competition Leslie-Gower model.
© The underlying epidemiology: SIS epidemic model.

© The underlying interaction of ecology and epidemiology.
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Discrete competition model

Leslie-Gower competition model :

- bIN ()
N+ 1) = T + e
N3(t+1) = Ak

~ 14 cuN'(t) + cnN2(1)

Q@ b < 1: Ni(t) — 0.

Qb 2> 1
0 (b' —1)/ci1 < (b* —1)/car: N can be invaded.
0 (V> —1)/cxn < (b' —1)/cip: N? can be invaded.



Discrete competition model with infected individuals

Distinguishing susceptible and infected individuals in one of the species of
the competition model:

bINL(1)
Ni(t+1) = S -
1+ CSSNS(Z‘) + csiN; (1) + cs2N?(2)
bIN} (1)
Nj(t+1) = — :
1 + ¢isNg (1) 4 cuN; (1) + caN3(t)
>N (t
N (t+1) = (0

14 casNE (1) + caN (1) + caN2 (1)
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Discrete SIS epidemic model

The disease process is represented by the map

F(Ns,N;) = (F1(Ns,N;), F2(Ns, Np))

Conditions for positive solutions: 7 < 1 and § < (1 + \ﬁ)z

k outbreaks episodes between two demographic episodes are represented by
the k-th iterate:

F® = (F9, F) J




Long-term behaviour of the SIS epidemic model

The total population size N = Ng 4+ N; remains constant:

Fs(Ns,Ni) + F1(Ns,Ny) = Ns + Nj

Basic reproduction number: Ry = —.

@ Ry < I: Disease-free equilibrium N = (N, 0).

© Ry > 1: Endemic disease.
If v < B < 2 4 v: Stable endemic equilibrium

RS
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Discrete competition-epidemic model with two time scales.

We use F(K) = (F ) JF (k)> to include k outbreaks episodes between two
demographic episodes

Ni() = FSNA(0), N} (1) and N} (1) = F{O(NA(0), N} (1))

bINL(1)
Ni(t+1) = S5 5
1+ CSSN ( ) + csiN; (t) + csoN (Z)
bIN} (1)
Ni(t+1) = = g
1+ CISN ( )+ ciNy (Z) + cpN (t)
b>N?(t
N2(t+1) = (1) 5
1+ 02sN ( ) + N (t) + ¢ N’ (t)




Discrete competition-epidemic model with two time scales.

We use F(K) = (Fé ), F (k)> to include k outbreaks episodes between two
demographic episodes

Ni() = FSNA(0), N} (1) and N} (1) = F{O(NA(0), N} (1))

bLFO(NL(D), N} (1)

1 —
Ns(t+1) = © Nl NI ® V1) N 2
L+ essFQNL(0, N} (1) + estEL(NL (), N} (1) + esaN2 (1)
1 _
L+ cisF§ (N (), N} (1)) + enF /(N (1), N} (1)) + e (@)
2772
N2t +1) = oV

L+ casFO(NL(0), N} (1)) + carF [ (NA(0), N (1)) + exaN(2)
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Slow-fast discrete models

The dynamics of the population consists of two processes defined by two
maps

F,.S:Qy —Qy ; F,SeC'(Qy), QycRY

Two time scales: Fast and slow processes

Xelt + 1) = SFOX(0)). )

F®) is k-th iterate of F.

@ R. Bravo de la Parra, M. Marvi, E. Sdnchez, L. Sanz

Reduction of Discrete Dynamical Systems with Applications to Dynamics Population Models
Mathematical Modelling of Natural Phenomena, 8(6):107-129, 2013.



Slow-fast discrete models : eco-epidemic model

Let S be the map associated to the system (slow part)
Né(l + 1) = bnggv(t)/ (1 + CSSN;(I‘) + CSINII (t) + CSQNZ(I))
N}t +1) = biNHD)/ (1 + cisNE (1) + cuN} (1) + cpN2 (1))
Nz(l‘ + 1) = szZ(Z)/ (1 + CzsN;(t) + CzINI1 (I) =+ szNz(t))
and F the map (fast part)
F(NslﬂNllﬂNz) = (FI(NS17N11)7F2(N51‘7N11)7N2)

then
FOWE, N N?) = (FO (v N, OV, N V2

and the complete system has the form

Xi(t + 1) = S(FO (X, (1)) J

with X = (N{, N}, N?).



Slow-fast discrete models
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Slow-fast discrete models: Reduced system

Two hypotheses on fast dynamics:
Q@ {FW};en, converges toamap F : Qy — Qy, F € C'(Qy) .
Approximation of the system: X(7 + 1) = So F(X(r))
© There exist a non-empty open subset {2, C R? with g < N and two maps
G: Qv — Quand E: Q, — Qy, G € C1(Qy) and E € C'(Qy,), such
that F = Eo G.

X(t+1)=SoEoG(X(1))
Global (slow) variables Y := G(X) € RY.

The reduced or aggregated system

Y(t+1) = (GoSoE)(Y(r)) := S(Y(1)). ]




Slow-fast discrete model: Reduced eco-epidemic model

(N}, N},N?) = (v(N} + N}), (1 — v)(N} + N}),N*)=E o G (N}, N} ,N?)

F
G (N},N/,N*) = (N§ + N} ,N?) = (N',N?) =Y (Global variables)
E(N',N*) = (N'v,N'(1 —v),N?)

where v = 1if Ry < landv = 1 /Ry if Ry > 1,
The reduced system Y (1 + 1) = (Go So E)(Y(¢)):

Generalized Leslie-Gower competition model

- vbIN'(7)
Nl(l+ 1) = 1r (VCSS + (1 _ VS)CSI)NI(t) = C52N2(t)
. (1 —v)bN'()
1+ (vegs + (1= v)en) N'(0) + cnpN*(1)
- bZNZ(l.)
N(t+1) = 1+ (veas + (1 — v)ear) NY(t) + conN2(d)




Slow-fast discrete models: Reduced system
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that F = Eo G.
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Reduction of nonlinear discrete systems

Hypotheses of useful reduction:

lim F® = Fand lim DF® = DF
k—o00

k—ro0
uniformly on any compact set K C (.
Y* € RY hyperbolic equilibrium point of the reduced system Y, = S(Y,).
Then for k large enough system X; (r + 1) = S(F®) (X, (r))) possesses a
hyperbolic equilibrium point X satisfying klim X; = X" =S(E(Y")).
—00
Q If Y* is asymptotically stable then X} is a.s.. If Xy € R" is such that
lim $"(G(Xo)) = Y*, then lim, o0 (S(F®))" (Xo) = X;-
n—o00
© If Y* is unstable then X is unstable, for each k > k.

An analogous result can be stated for periodic solutions

@ L. Sanz, R. Bravo de la Parra, E. Sdnchez
Approximate Reduction of Non-Linear Discrete Models with Two Time Scales
Journal of Difference Equations and Applications, 14(6):607-627, 2008.



Reduction of an eco-epidemic model

The map F associated to the disease process verifies de reduction hypotheses

lim FO(NG, Nj, N?) = F(N§, N} ,N?) = (v(N§ + M), (1 = v) (VS +N}),N2)J

1
where v = 1ifRy= 2 < landw = L = L ifRy > 1.
Y B Ro
v v 0
lim DF® (N{,N},N*) = DF (N&,N/,N*)=| 1-v 1-v 0
k—00 0 0 1

both limits are uniform on compact sets. The uniform convergence can be
proved because we can write F' in terms of the scalar function

¢(x) =x(1+B(1 —x) —7)

(updating the fraction of infected individuals)
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Reduced Discrete SIS-competition model

. _ vbIN(1) (1 —v)bIN'(1)

N = T e T 0= )e) V) T e @ | 15 Gen + (1= 0)e) V' () - ()
2 b2N?(t)

N-(t+1) =

14+ (lICQS + (1 = 11)6‘21) N! (t) + szNz(t)

© All solutions in R2+ are forward bounded.
. ., . 2
© The system is strongly competitive in R..
© All solutions in R%r are eventually componentwise monotone, and tend to
an equilibrium point.
If vbl + (1 — v)b} < 1then N'(t) — 0 and if b*> < 1 then N*(¢) — 0.
@ R. Bravo de la Parra, M. Marvd, E. Sdnchez, L. Sanz

Discrete Models of Disease and Competition
Discrete Dynamics in Nature and Society, Volume 2017, Article ID 5310837, 13 pages, https://doi.org/10.1155/2017/5310837.



Reduced Discrete SIS-competition model

vbi+ (1 —v)b} > 1and b > 1,i.e., E} and Ej exist:

Y

E3

Uz

E; i - K
(a) Case A. Coexistence. (b) Case B. N! or N? exclusion

depending on initial conditions.



Reduced Discrete SIS-competition model

A U3

B T

(a) Case Cp,. N? exclusion. (b) Case C,. N! exclusion.



Reduced Discrete SIS-competition model

Eqg

Figure: Case Cy,. N? exclusion or coexistence depending on initial conditions.



Discrete competition epidemic model

Disease modified growth capabilities

crii=css=cs=cs=cy, cnp:i=cspp=cp and ¢ = 5 = Cyy J

Case A (coexistence).

by = b' and b} = ab! |

a > 0 measures the effect of the disease.
Ratio of the species 1 equilibrium with and without disease

czz(bl [V+(171/)a]71)7012(b271)
cn(b'—1)—c2(b>—1)

For species 2
C11 (bz—l)—C21 (bl [l/+(1—l/)a]—1)
cu(*=1)—ca(b'-1)
If a < 1 (resp., a > 1) the long term population size of species 1 is reduced
(resp., increased) and the opposite happens to species 2.




Discrete competition epidemic model

Disease modified competitive abilities

bl :=bl =0l >1,

css =3 >csy =2.8and crg =2 > ¢y = 1.8,

b2 =5, csp =cis=cpp=cp =cy =1, and v € (0, 1].

7
6 Cla C
bl 1b A

5

. B

Cs

3

0 0.2 0.4 0.6 0.8 1

Increasing Ry = 1/v improves the species 1 competition outcome.



THANK YOU!

Rafa Bravo
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